ABSTRACT. The following theorem is proved.
paper, we prove a theorem that is just such an analogue; in fact it is a natural extension of the aposyndetic decomposition.
Called the Terminal Decomposition Theorem, it goes like this: THEOREM 2. Let X be a homogeneous continuum such that H1(X) ^ 0. If S?
is the collection of maximal terminal proper subcontinua of X, then (1) The collection S? is a monotone, continuous, terminal decomposition ofX, ( 2) The nondegenerate elements of & are mutually homeomorphic, indecomposable, cell-like, terminal, homogeneous continua of the same dimension as X, ( 3) The quotient space is a homogeneous continuum, and (4) The quotient space does not contain any proper, nondegenerate terminal subcontinuum.
Hence we have a good strategy for understanding cyclic, homogeneous continua: Understand the ones with no proper, nondegenerate, terminal subcontinuum, understand the cell-like, indecomposable, homogeneous continua, and put them together to understand cyclic, homogeneous continua.
There are two reasons why this terminal decomposition is bound to the aposyndetic decomposition. One is that a homogeneous, decomposable continuum is aposyndetic if and only if it contains no proper, nondegenerate, terminal subcontinuum. Hence condition (4) of Theorem 1 can be replaced by condition (4) of Theorem 2. Furthermore, if A is a decomposable continuum, then the terminal decomposition agrees with the aposyndetic decomposition, since it is explicit in Jones' proof that the L(x)'s are maximal proper terminal subcontinua. Thus we can state both theorems in one. THEOREM 3 . Let X be a homogeneous continuum such that either X is decomposable or H1 (X) :/ 0. If S? is the collection of maximal terminal proper subcontinua of X, then conditions (l)-(4) of Theorem 2 are true.
An outline of the proof of Theorem 2 reveals the second reason that these two theorems are bound together. Let F be a closed, hyperbolic surface and Q the Hilbert cube. Embed X essentially in F x Q. Let H be the hyperbolic plane, and let H x Q be the universal covering space of F x Q. Let K be a component of the preimage X of X in H x Q. Compactify K by a certain subset of the circle at oo to get a continuum Y.
The continuum Y is aposyndetic at each point of the circle at oo, and K is a homogeneous subset of Y. This is just enough aposyndesis and just enough homogeneity to do a modified aposyndetic decomposition of Y. Push a typical decomposition element down to X by the covering map, and show it to be a maximal proper terminal subcontinuum of X. This decomposition element, pushed down from Y, generates the decomposition of X. Hence aposyndetic decompositions are essential in obtaining terminal decompositions.
Here is another important aspect of this study. Suppose the decomposition of Theorem 2 has been done; this means that we are considering a homogeneous continuum X such that Hl(X) ^ 0 and such that X contains no nondegenerate, terminal, proper subcontinuum. When we construct the continuum Y, we find that Y is aposyndetic.
Since the covering map takes the dense set K of Y into X, we can obtain new information about X by studying V, an aposyndetic continuum with lots of homogeneity.
Specifically, if X is already aposyndetic, then the decomposition itself gives us no new information. The continuum Y, however, may give us lots of information; for instance Y might be locally connected.
The Terminal Decomposition Theorem is actually proved under the apparently weaker hypothesis that X admits an essential map into a graph (recall that H1 (X) 0 if and only if X admits an essential map into S1). In fact, the graph used is the figure eight. This is not done for the purposes of shape theory, since the author [28] has shown that, for homogeneous curves, trivial cohomology implies trivial shape.
The purpose of using graphs is that this whole process may be considered to be "unwinding X over the hyperbolic plane," and a graph of higher genus may yield "more unwinding." In particular, for the Mine-Rogers examples [21] of homogeneous curves, which involve retracting the Menger universal curve onto a wedge G of circles, it is clearly desirable to let the graph be G and to modify the construction in this paper by using a closed hyperbolic surface F of genus sufficiently high that G can be embedded in F so that every circle in G represents a generator of iry(F).
In addition to Jones, earlier work on decompositions of homogeneous continua has been done by Bellamy and Lum [1] , Hagopian [7, 8, 9 ], Mackowiak and Tymchatyn [19] , Lewis [17, 18] and the author [22, 23, 26] .
Here is the organization of the paper. §2 is devoted entirely to proving the essential Theorem 2.5. The reader may wish to begin at §3 and read §2 later. In §3, the covering space is constructed. §4 is the heart of the paper; it includes the proof of the Terminal Decomposition Theorem. In §5, the study of the continuum Y associated with X is initiated. §6 contains simple proofs of two known theorems; it can be read without referring to the other sections.
A continuum is a compact, connected, nonvoid metric space. A curve is a onedimensional continuum. A space is homogeneous if its homeomorphism group acts transitively on it.
A metric space X has the Effros property if given e > 0, there exists 6 > 0 such that whenever y and z are points of X satisfying d(y, z) < 8, there exists a homeomorphism h: X -► X such that h(y) = z and d(x,h(x)) < e, for all x in X.
Such a 8 is called an Effros 6 for e. Effros [5] has shown that each homogeneous continuum has the Effros property. A continuum is decomposable if it is the union of two of its proper subcontinua. Otherwise it is indecomposable.
A continuum is hereditarily indecomposable if it contains no decomposable subcontinuum.
A continuum is cell-like (or of trivial shape) if each map of it into a polyhedron is inessential. Hence a curve X is cell-like if each map of it into a graph is inessential. It is known [16 or 20] that a curve X has an essential map into a graph if and only if X has an essential map into a "figure eight." Cell-like curves are usually called tree-like continua.
2. Aposyndetic decompositions.
The goal of this section is to prove Theorem 2.5. This generalization of the Jones' Aposyndetic Decomposition Theorem will be used in the fourth section.
Our strategy of proof is to give a little different proof of the Jones' Theorem than is currently in the literature and to do it in such a way that the proof of the generalization is straightforward.
The ideas of Jones are used extensively, of course, and the improvements of the author [26 and 30] are included. Let x and y be points of the continuum M. If M contains an open set 67 and a continuum H such that xGGcHcM -{y}, then M is said to be aposyndetic at x with respect to y. If M is aposyndetic at x with respect to every other point of Af, then M is aposyndetic at x. If M is aposyndetic at each of its points with respect to every other point, then M is said to be aposyndetic.
The set L(x) has as members the point x together with all points z of M such that M is not aposyndetic at z with respect to x. Each set L(x) is a continuum. If M is indecomposable, then L(x) = M, for all x in M.
A partition of a space M is a collection of disjoint sets whose union is M. The heart of Jones' Theorem is to partition a homogeneous continuum using aposyndesis. To show L(x) C L(y), we use an argument of Bellamy and Lum [1, Lemma 5] . We find one point xo for which this is true; the homogeneity of M then implies it is true for every point of M. (1) The partition & is a continuous decomposition of M, ( 2) The elements of S' are mutually homeomorphic, homogeneous continua, and (3) The quotient space is a homogeneous continuum.
A subcontinuum Z of the continuum X is said to be terminal if each subcontinuum Y of X that intersects Z satisfies either Y c Z or Z C Y. A decomposition of X into continua is said to be terminal if each element of the decomposition is a terminal subcontinuum of X.
The author [26, 30] has proved the following theorem about terminal, continuous decompositions. Furthermore, if Gy and G2 are different elements of 3/, and if is a subcontinuum of M containing a point of Gy in its interior and missing a point of G2, then K contains no point of G2 and all points of Gy. Hence the quotient space is aposyndetic.
This completes the proof.
Finally we are ready to prove an alternate version of the Aposyndetic Decomposition Theorem. The awkward collection of hypotheses in this theorem is precisely the situation encountered in §4.
It may help the reader to picture Y as an arc of pseudo-arcs with the two end pseudo-arcs shrunk to points zy and z2. In this case, picture E as {zy,z2}, and
THEOREM 2.5. Let the continuum Y be the union of two disjoint, nonempty sets K and E with the following properties:
(1) Y is aposyndetic at each point of E, (2) Y is not aposyndetic at any point of K, PROOF. Since Y is aposyndetic at every point with respect to at least one other point, the elements of 3* are proper subcontinua of M. Moreover, if x belongs to K, then L(x) is contained in K, since Y is aposyndetic at each point of E. Furthermore, if x belongs to E, then L(x) is the singleton set {x}, since Y is aposyndetic at every other point of Y with respect to x.
Thus the elements of 3/ are the points of E and some nondegenerate subcontinua of K. An argument similar to the proof of Theorem 2.1 shows that 9 is a partition of Y. Since 3? is defined topologically, the homeomorphism group of Y respects 3?.
We cannot use the Decomposition Theorem directly, but we can modify the proof to apply to this situation. It is easy to use the Effros property for K to prove the partition is a continuous decomposition at every element of 9 contained in K. Since the elements of 3* contained in E are points and dim E = 0, it follows that 3? is a continuous decomposition.
Each degenerate element of 3? is obviously a terminal subcontinuum of Y. A proof that the nondegenerate elements of 3* are terminal subcontinua may be fashioned after the second paragraph of the proof of Theorem 2.1.
Clearly the nondegenerate elements of 3? are mutually homeomorphic, homogeneous continua. Since 9 is a terminal, continuous decomposition, the nondegenerate elements of 2/ are cell-like and of the same dimension as Y, by a proof similar to that of Theorem 2.3. That one, and hence each nondegenerate element, is an indecomposable continuum that can be deduced from [19, Theorem 6.13] .
The proofs that the quotient space of Y is an aposyndetic continuum and that the quotient space of A" is a homogeneous space are straightforward.
3. The ends of the universal covers of certain continua.
Let H be the interior of the closed unit disk D in the Euclidean plane, and let S1 be its boundary.
A geodesic in H is the intersection of H and a circle C in the Euclidean plane that intersects S1 orthogonally (straight lines through the origin are considered circles centered at oo).
A reflection in the geodesic C fl H is Euclidean inversion in the circle C. An isometry of H is a product of reflections in geodesies.
The set H, with this set of isometries, is a surface of constant negative curvature isometric to hyperbolic space. This model of hyperbolic space is called the Poincare disc. The boundary Sl of H, which is not in H, is called the circle at oo.
Let F be a closed, orientable surface of genus two. The universal cover of F can be chosen to be H, and the group of deck transformations to be a subgroup of the orientation-preserving isometries of H. Each of these deck transformations (except the identity map) is a hyperbolic isometry. The pertinent property for us is that a hyperbolic isometry, when extended to the circle at oo, has exactly two fixed points in S1 and none in H. One fixed point is attracting, and one is repelling. In particular, a hyperbolic isometry does not leave any compact subspace of H fixed (setwise). Let p: H -* F be the universal covering map. We may assume the map p is a local isometry.
A geodesic in F is the image under p of a geodesic in H. A simple closed geodesic is a geodesic that is also a simple closed curve.
Assume the universal covering space (H,p,F) of F is constructed with the following properties. The geodesic H D x-axis maps to a simple closed geodesic Cy.
The geodesic H n y-axis maps to a simple closed geodesic C2. Furthermore, the union of Cy and C2 is a figure eight W, and the intersection of Cy and C2 is a single point v.
Let W = p~l(W); hence W is the universal cover of a figure eight, the "infinite snowflake" pictured in Figure 1 . The set Cl(W^) fl S1 is a Cantor set; call it Z.
Let Q be a Hilbert cube, and let pxl:H xQ -* F xQbe the universal covering space of F x Q. Let A be a continuum embedded essentially in W x Q (this means that the inclusion map is essential; note that this eliminates some continua from consideration). Let /: X -> W be the projection map.
Let X = (p x 1)_1(A), and let f:X -» W be the projection map. Let A" be a component of X.
Define E(K) = {z € Su.z is a (Euclidean) limit point of f(K)}. Call E(K) the set of ends of K.
In [28] , the following theorems were established. THEOREM 3.1.
The set K is unbounded, and hence E(K) is a nonempty, closed subset of Sl. Compactify H x Q with S1 x Q. Shrink each set of the form {z} x Q, where z is a point of S1, to a point to obtain another compactification of H x Q. This time the remainder is S1.
Let 7r: (H x Q) U S1 -► H U S1 be the map of this latter compactification onto the disk D obtained by naturally extending the projection map. Note that the restriction of tt to A is just /.
Let Y = Cl(K) in (H xQ)USl; then Y -K = E(K). In the next section, we
shall take an aposyndetic decomposition of Y.
4. Aposyndetic decompositions over the hyperbolic plane. Assume X is a homogeneous continuum that admits an essential map into the figure eight W. Hence X can be embedded essentially in W x Q, and all of the theorems of the preceding section apply to X.
Assume each of the simple closed geodesies Cy and C2 have length greater than one. Let 28 be an Effros 6 for e = 1/2.
A space S is connected im kleinen at a point x if for every neighborhood U of x, there is a connected subset A of U that contains a neighborhood of x. 
PROOF. Let z belong to E(K). It suffices to show that z is an interior point of the component J of z in Y -K~l(wy), where wy is an arbitrary point of tt(A'
). This is because we can use a deck transformation <p to move wy as close to z as we like, by Theorem 3.3.
If z is not an interior point of J, there exists a sequence {Jn} of components of Y -n~1(wy) such that, for all n, (1) J n Jn = <P, and (2) f(Jn+i) contains a vertex two letters closer to z than any vertex of f(Jn). Let w2 be a vertex on [wy,z] two letters closer to z than wy. For each n, let J'n denote a component of Jn -n^1(w2) such that f(J'n+y) contains a vertex two letters closer to z than any vertex of f(J'n).
Cover {w2} x Q with a finite number of (5-balls, where 28 is an Effros 8 for e = 1/2. We will show no <5-ball can intersect more than one of the sets J'n. This contradiction will prove the theorem.
Suppose some <5-ball intersects more than one J'n. Without loss of generality, assume the (5-ball B intersects both J[ and J'2. Let yy be a point of B n J[, and y2 a point of B fl J'2 (see Figure 2 ). Let h: K -► K be an e-homeomorphism such that M2/2) = Vi-Since J2 is connected and h is an e-homeomorphism, we can conclude that h(J^) c Jy and that h(J2) gf. Jy.
This contradiction completes the proof of the theorem. We need three more theorems before we are ready to define the decomposition &oix. If M is a subcontinuum of X containing a point of both (p x l)(L(x)) and its complement, then we can assume, by taking a subcontinuum if necessary, that M C (p x 1)(U). Hence M has a lift M that contains points of both L(x) and its complement. Since L(x) is terminal, M contains L(x) and hence M contains (p x l)(L(x)). Hence (p x l)(L(x)) is a terminal subcontinuum of X.
Second, we show that if T is a proper, terminal, cell-like subcontinuum of X containing (p x l)(L(x)), then T = (px l)(L(x)). Since T is cell-like, the inclusion map i:T -► W x Q lifts to an injection i:T -► W x Q such that i(T) meets L(x).
Let f denote ~i(T).
Since p x 1 is one-to-one on T, there is a neighborhood U of T such that p x 1 is one-to-one on U. Since L(x) is a maximal terminal proper subcontinuum of Y, T is not terminal in Y or T = L(x). Let M be a proper subcontinuum of Y containing a point of T and a point of its complement. Again we can assume M c U. Hence (p x 1)(M) is a continuum containing a point of T and a point of its complement. Since T is terminal, (p x l)(Af) contains T. Hence M contains T and so T is terminal. Hence f = L(x), and T = (px l)(L(x)). This completes the proof of the theorem.
We are ready to state and prove the main theorem of the paper. THEOREM 4.7. Let X be a homogeneous continuum that admits an essential map into a graph D. If 2/ is the collection of maximal terminal proper subcontinua of X, then (1) The collection 2? is a monotone, continuous, terminal decomposition ofX. (2) The nondegenerate elements of 3/ are mutually homeomorphic, indecomposable, cell-like, terminal, homogeneous continua of the same dimension as X.
(3) The quotient space is a homogeneous continuum. (4) The quotient space does not contain any proper, nondegenerate terminal subcontinuum.
(5) If X is decomposable, then the quotient space is an aposyndetic continuum; in fact, the decomposition is the Jones' decomposition, and (6) The quotient space admits an essential map into the graph D.
PROOF. The only difficult part of this proof is to show that 2? exists, i.e., that X contains a maximal terminal proper subcontinuum. Let 3? be the collection {(px l)(L(x))\ x € X}. This is the collection of maximal terminal proper, cell-like subcontinua.
Since 2* is defined topologically, the homeomorphism group of X respects 2*. Furthermore, since the elements of 3* are maximal terminal proper, cell-like subcontinua of X, it follows that 2? is a partition of X into proper subcontinua.
Therefore, Theorem 2.2 implies that conditions (1) and (3) are satisfied. Furthermore, Theorem 2.2 and Theorem 2.3 imply that condition (2) is satisfied. Conditions (4) and (5) are easily seen to hold.
Condition (6) follows from a result [6] of Grispolakis and Tymchatyn. If the graph D is S1, this is just the Vietoris-Begle Theorem.
Finally, we show that if T is a proper, terminal subcontinuum of X containing (p x l)(L(x)), then T = (px l)(L(x)). If not, then it follows from the arguments of the preceding theorem that the inclusion map i:T C X is an essential map. We may assume that T is minimal with respect to the properties of (1) containing (p x l)(L(x)), (2) being terminal, and (3) being embedded essentially in W x Q.
Being embedded essentially in W x Q is a property preserved by e-homeomorphisms, where e is some small positive number. Therefore, the collection of such minimal continua is a partition of the homogeneous continuum X which the group generated by the e-homeomorphisms of A respects. Hence Theorem 2.2 implies that the collection of such continua constitutes a continuous, terminal decomposition of X into proper subcontinua. Theorem 2.3 implies, however, that each element of such a decomposition is cell-like, and hence T cannot be essentially embedded.
This completes the proof of the theorem. Since Hl(X) ^ 0 if and only if X admits an essential map into S1, we have the following useful corollary. COROLLARY 4.8. If X is a homogeneous continuum and H1(X) ^ 0, then the conclusion of the previous theorem is valid. COROLLARY 4.9. Let X be a homogeneous continuum such that H1(X) ^ 0.
If X does not contain a proper, nondegenerate, terminal subcontinuum, then the continuum Y associated with X can be chosen to have the following properties:
(1) Y is an aposyndetic continuum, (2) K is a connected set, (3) Y is a two-point compactification of K, and (4) The group of homeomorphisms ofY fixing Y -K acts transitively on K.
PROOF. Only condition (3) needs comment. Since H1(X) ^ 0, X admits an essential map onto S1. Hence X can be embedded in Cy x Q, where Cy is a simple closed geodesic in F. It follows that Y -K is a two-point set.
Since the covering map p x 1 maps K into X, the possibility exists of proving new results about homogeneous continua by understanding aposyndetic continua such as Y. We begin such a program in the next section.
5. Cut points in lifts of homogeneous continua. Let A be a homogeneous continuum that admits an essential map into a graph. Assume X contains no proper, nondegenerate, terminal subcontinua (in other words, the decomposition of Theorem 4.7 has been done).
In this section we show that either A is a solenoid or the continuum Y associated with X is colocally connected (this means that each point has arbitrarily small open neighborhoods whose complements are connected).
We assume the notation of the previous section. In particular, X is a certain universal cover of A, A" is a component of X, and Y is a compactification of K with remainder a certain zero-dimensional subset of the circle at infinity.
If j: R -► S is a map of the real line into the space 5, then we say both rays of j(R) are dense in S if each of the sets j((-oo, -n]) and j([n, oo)) is dense in S, for any natural number n. THEOREM 5.1. If X is homogeneous and each component of X is homeomorphic to the real line R, then X is a solenoid.
PROOF. It suffices to show that every proper, nondegenerate subcontinuum of X is an arc, since Hagopian [10] has shown that solenoids are the only homogeneous continua with this property.
Let A be a nondegenerate subcontinuum of X. Let x belong to A. Note that dim A = dim A = 1, and that X contains an arc. Thus, by [27, Theorem 7] , there exists a continuous injection j:R -► X of the real line into X such that j(0) = x and both rays of j(R) are dense in X. Let j: R -> X be a lift of j, and let x = j(0). If K is the component of X containing x, then it follows that j(R) = K. Hence both rays of (p x 1)(K) are dense in X.
Let A = (p x 1)_1(A). If A is embedded inessentially inWxQ, then the inclusion map of A into X lifts to a homeomorphism of A onto a subcontinuum of some component of X, so A is an arc by hypothesis. If A is embedded essentially in W x Q, then each component of A is unbounded, by Theorem 3.1. In particular, the component K' of A containing x must contain at least one of the two rays beginning at x. It follows that (p x 1)(K') is dense in X, and hence A = X. Thus each proper nondegenerate subcontinuum of X is an arc, and A is a solenoid. This proves the theorem.
A point x of a continuum M is a separating point if M -{x} is not connected. A point x of a continuum M is a cut point if there exists points y and z such that every subcontinuum of M containing both y and z also contains x. We have completed the proof of the following theorem.
THEOREM 5.5. IfX is a homogeneous continuum, ifH1(X) ^ 0, and if X contains no proper, nondegenerate, terminal subcontinuum, then either X is a solenoid or the continuum Y is colocally connected.
6. New proofs of old results. We illustrate the power of the maximal terminal decompositions of Theorem 4.7 by giving simple proofs of two known theorems.
The first result is due to the author [24, 25] . THEOREM 6.1. IfX is a hereditarily indecomposable, homogeneous continuum, then X is tree-like.
PROOF. Since X is hereditarily indecomposable, every subcontinuum of X is terminal. Hence maximal proper terminal subcontinua do not exist. Thus Theorem 4.7 implies that X cannot be homogeneous unless X admits no essential map into a graph.
If dim A > 1, then X admits an essential map onto S1, by a result of Krasinkiewicz [15] . If dim A = 1 and X is not tree-like, then X admits an essential map into a graph, by a result of Case and Chamberlain [4] . Therefore, X is tree-like, and the proof of the theorem is complete.
Bing [2] has proved that the pseudo-arc is homogeneous. The pseudo-arc is hereditarily indecomposable and cell-like. Hence the requirement in Theorem 4.8 that H1 (X) ^ 0 cannot be deleted.
The second theorem has been proved through a combination of results of Jones [13] , Hagopian [8, 9] , and the author [24] . THEOREM 1.2. IfX is a homogeneous, separating plane continuum, then X is decomposable.
PROOF. We begin the proof in a classical fashion due to Jones [13] . Assume X is indecomposable. It is well known that X is atriodic and hereditarily unicoherent. By the previous theorem, X contains a decomposable subcontinuum H. Sorgenfrey has shown that H is irreducible between two points; call them xq and X3.
The continuum H does not contain an indecomposable subcontinuum with interior (rel H) because of the atriodicity of M. Hence it follows from a classical theorem of Kuratowski that H becomes an arc under a unique, minimal, monotone decomposition.
Let k: H -> [0,3] be the quotient map of this decomposition, and let Ht = k_1(t). Let xi belong to ffi and x2 belong to ff2-Using the Effros property, one proves that each continuum Ht, 1 < t < 2, is a terminal subcontinuum of H. The atriodicity of X then implies that each continuum Ht, 1 < t < 2, is a terminal subcontinuum of A.
Everything up to this point has been known to Jones [13, p. 48] and Hagopian [7, p. 38] . The thorny problem remaining is to extend this decomposition of H to a monotone decomposition of X. The quotient space of this extended decomposition should be a homogeneous, planar continuum that contains an arc. Hence the quotient space would be S1 by a result of Bing [3] , and we would have obtained the contradiction that X is decomposable.
The difficulty in extending this decomposition is the following: If a similar construction is carried out for a decomposable continuum H containing xi and £2, then we have two candidates for the decomposition element to contain xi (call them ffi and ffi). Which shall we use? Not only is it not clear that ffi = Hy, it even seems plausible that ffi might contain all of the continuum H.
Hagopian [9] has recently overcome this difficulty, but the proof is not simple. With Theorem 3.8 at our disposal, the difficulty is easy to overcome. The decomposition elements are, of course, the maximal, proper, terminal subcontinua of X. Moreover, if we choose xo and X3 to belong to the same composant but different decomposition elements and proceed with the above construction, then we obtain the collection of terminal subcontinua Ht, 1 < t < 2. It is clear that each Ht, 1 < t < 2, is a maximal proper terminal subcontinuum of X, since any larger terminal subcontinuum must contain all of H, which contradicts the choice of x0 and X3.
The one point left to consider is to make sure that the irreducible continuum H between xq and X3 is decomposable. Mackowiak and Tymchatyn [19, p. 31] have shown that an indecomposable subcontinuum of an atriodic homogeneous continuum is terminal.
Thus if xo and X3 belong to different decomposition elements, then H must be decomposable.
Consequently, the quotient space is a homogeneous, plane continuum that contains an arc. Hence the quotient space is S1, and X is decomposable. This completes the proof.
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